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Some remarks

Assume that there exists a traded asset with price S, an F-adapted process, and
that the market is arbitrage free, using G adapted strategies. Assume furthermore
than the interest rate if I adapted. Then there exists a probability measure Q,

rsds :

equivalent to IP such that S elo is a G martingale, hence an F martingale. If the

market where S is traded is complete, immersion property holds true under Q and

Q(r > t[F) = Q(r > t|F)

If the market where S is traded is incomplete, immersion property holds true under

some Q.




Some remarks

If we are dealing only with defaultable asset, one can work in a general setting

In that case, a quite general assumption is the existence of a density under P, i.e.,

P(r > 0|F;) = /900 gt (u)v(du)

where v has no atoms.

Then,

e Immersion property is equivalent to g;(u) = g, (u) for t > u
o Gy = fo ps(s)v(ds) where m is an F-martingale

o H; — fo ps(s) ds) is a G martingale

eYisaG martmgale (Y =y lyer + y¢(7) ;<) if and only if
for any u, the processes yt( ),t > u) are F martingales
E(Y:|F:) = y: Gy + ft y:(8)g:(s)v(ds) is an F martingale




Some remarks

e If W is a F-Brownian motion, then

. tAT . t d .
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where W is a G-Brownian motion.
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Credit derivatives

A generic defaultable claim (X, A, Z, 7) consists of:

1. A promised contingent claim X representing the payoff received by the holder
of the claim at time 7, if no default has occurred prior to or at maturity date T

2. A process A representing the dividends stream prior to default.

3. A recovery process Z representing the recovery payoff at time of default, if
default occurs prior to or at maturity date 7.

4. A random time 7 representing the default time.
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Dynamics of corporate bonds in a Cox Model




Dynamics of corporate bonds in a Cox Model

Let B(t,T) be the price at time t of a default-free bond paying 1 at maturity T°
satisfies

B(t,T) :E@(exp<— /tTrS ds) ’ft)

where QQ is the risk-neutral probability.
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Dynamics of corporate bonds in a Cox Model

Let B(t,T) be the price at time t of a default-free bond paying 1 at maturity T°
satisfies

B(t,T) :E@(exp<— /tTrS ds) ’ft)

where QQ is the risk-neutral probability.
The market price D(t,T) of a defaultable zero-coupon bond with maturity 7T is

T
D(t,T) = E@(H{T<T} exp ( — /t Ts ds) ‘ Qt>

]—"t).

T
— ]1{T>t}]E@(eXp (— /t rs + A2) ds)

11



Dynamics of corporate bonds in a Cox Model

Promised payoft:
Let X € Fr

T T
Eg <X]1T<T exp —/ rsds|gt> = 1;«-Eq <X exp —/ (rs + )\S)ds]:t>
t t

A(= \Q) is also called the spread.
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Dynamics of corporate bonds in a Cox Model

Recovery paid at Maturity

We consider a contract which pays Z, at date T, if 7 < T where Z is an F-adapted
process and no payment in the case 7 > 1. We also assume that the interest rate is

null. The price at time ¢ of this contract is

St = EQ(ZT <7 ‘gt)

¢ ¢
— / Z,dH, + L; (— / Z,e M, du + mf)
0 0

where m? = E@(fOT Zye NN du|F;) is an F (hence a G) martingale and
Lt — ]]_t<7-€At.
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Dynamics of corporate bonds in a Cox Model

Recovery paid at Maturity

We consider a contract which pays Z, at date T, if 7 < T where Z is an F-adapted
process and no payment in the case 7 > 1. We also assume that the interest rate is

null. The price at time ¢ of this contract is

St = EQ(ZT <7 ‘gt)

¢ ¢
— / Z,dH, + L; (— / Z,e M, du + mf)
0 0

where m? = E@(fOT Zye NN du|F;) is an F (hence a G) martingale and

L; = ]1t<TeAt.

We assume here that F-martingales are continuous. From dL; = —L;_dM; and
integration by parts formula we deduce that

dSt = (Zt — St_) th + Ltdth

dM; = dHt — (1 — Ht))\tdt 14



Dynamics of corporate bonds in a Cox Model

Recovery paid at Default

If the payment Z is done at time 7

t
St = LirEo(ZrLicr<r|Gr) = Ly (—/ Zue N du + mf)
0

where m? = Eg ([, Zye™ ™ Aydu|Fy).
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Dynamics of corporate bonds in a Cox Model

Recovery paid at Default

If the payment Z is done at time 7

t
St = LirEo(ZrLicr<r|Gr) = Ly (—/ Zue N du + mf)
0

where m# = E@(fOT Zye M du|F;). Then,

dSt — _Zt)\t(]- — Ht)dt — St_th -+ Ltdth
— (Zt — St_)th + Ltdth — thHt .

The process S; + fg Zs(1 — Hg)Asds is a G martingale, as well as Sy + Z, H;.
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Dynamics of corporate bonds in a Cox Model

Price and Hedging a defaultable call

The savings account Y, = 1, a risky asset with risk-neutral dynamics
dY; = YiodW; and a DZC of maturity T with price D(¢,T) are traded. The

reference filtration is that of a Brownian motion W.

17



Dynamics of corporate bonds in a Cox Model

Price and Hedging a defaultable call

The savings account Y,Y = 1, a risky asset with risk-neutral dynamics
dY; = YiodW; and a DZC of maturity T with price D(¢,T) are traded. The

reference filtration is that of a Brownian motion W. One has
D(t,T) — LtQ(T > T‘Ft) — Ltmt

with m; = Q(7 > T|F;) = Eg(e 27| F).
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Dynamics of corporate bonds in a Cox Model

Price and Hedging a defaultable call

The savings account Y,Y = 1, a risky asset with risk-neutral dynamics
dY; = YiodW; and a DZC of maturity T with price D(¢,T) are traded. The

reference filtration is that of the Brownian motion W. One has
D(t,T) — LtQ(T > T‘Ft) — Ltmt

with m; = Q(7 > T|F;) = Eg(e 27| F).
The price of a defaultable call with payoff 17, (Y — K)7 is

Ci = Eq(lr<;(Yr — K)T|Gr) = LicreMEq(e™" (Y7 — K)T|F)
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Dynamics of corporate bonds in a Cox Model

Price and Hedging a defaultable call

The savings account Y,Y = 1, a risky asset with risk-neutral dynamics
dY; = YiodW; and a DZC of maturity T with price D(¢,T) are traded. The

reference filtration is that of the Brownian motion W. One has
D(t,T) — LtQ(T > T‘ft) — Ltmt

with m; = Q(7 > T|F;) = Eg(e 27| F).
The price of a defaultable call with payoff 17, (Y — K)7 is

Ci = Eq(lr<;(Yr — K)T|Gr) = LicreMEq(e™" (Y7 — K)T|F)

Y

with m) = Eg(e 7 (Y7 — K)*|F).
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Dynamics of corporate bonds in a Cox Model

Price and Hedging a defaultable call

The savings account Y,Y = 1, a risky asset with risk-neutral dynamics
dY; = Y;odW; and a DZC of maturity T" with price D(¢,T) are traded. The
reference filtration is that of the Brownian motion W. One has

D(t, T) = LtQ(T > T‘ft> = Ltmt
with my; = Q(7 > T|F;) = E(e 7| F).
The price of a defaultable call with payoff 17, (Y — K)7 is

C, = Eo(llpe,(Yr—K)T|G) = 1y eMEgle T (Yr — K)T|F)
= Ltmf
with m) = Eq(e 7 (Y7 — K)*|F;), hence

Co ipaT) - L "0 e+ Lodim?
D, T) T

dCt — Ltdmz/ — mz/Lt_th =

An hedging strategy consists of holding D?;}) DZCs.
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Credit Default Swap under (H) Hypothesis

Credit Default Swap under (H) Hypothesis
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Credit Default Swap under (H) Hypothesis

Valuation of a Credit Default Swap

A CDS issued at time s, with maturity T', and recovery § at default is a defaultable
claim (0, A, Z, ) where

dAt — —li]l]O’T] (t) dt, Zt — (St]l[O,T] (t)

A credit default swap (CDS) is a contract between two counterparties. B agrees to
pay a default payment Z to A if a default of the obligor C occurs. If there is no
default until the maturity of the default swap, B pays nothing. A pays a fee for the
default protection. The fee can be either a fee paid till the maturity or till the

default event.
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Credit Default Swap under (H) Hypothesis

A can not cancelled the contract. He can at any time before the default transfer
the contract to D: D will pay the fee and receive the default payment if any. As we
shall see, it can happen that D will require an amount of cash to accept to receive
the contract. Usually, the fee consists of C; paid at time T; (this is the fixed leg).
However, here we shall consider a continuous payment. The default payment is
called the default leg.

24



Credit Default Swap under (H) Hypothesis

A stylized credit default swap is formally introduced through the following
definition.

A credit default swap with a constant spread k and recovery at default o
1S a contract:

the buyer of protection pays a premium kdt in the time interval [t, ¢+ dt] up to T AT

The seller pays a recovery d(7) at time 7, in the case 7 < T.

25



Credit Default Swap under (H) Hypothesis

Ex-dividend Price of a CDS

We now assume that (H) hypothesis holds between F and G, that is
F-martingales are G-martingales. Then, F'is increasing. We assume that F' is

absolutely continuous w.r.t. Lebesgue measure. Then the process
tA\T
Mt — Ht — / )\u du,
0

with \;dt = dG—% is a G-martingale.

Gy = @(T > t‘ft) =1— F} 26



Credit Default Swap under (H) Hypothesis

The ex-dividend price of a credit default swap, with a rate process x and a
protection payment ¢, at default, equals, for every ¢ € [0, 7]

Si(k) = Eg (5(7_)]1{t<7'§T} — gerys((TAT) — 1) ‘ gt)

B v
= ﬂ{t<v}§zE(/t BulG“@A“_R)du‘E)

and thus the cumulative price of a CDS equals, for any t € [0, T,

By

T
Sfum(/{,) = ﬂ{t<7'} a E(/t B;lGu((su)\u — KJ) du ) ft) + Bt /]O ) B;l dDu

The dividend process D(k,6,T, 1) of a CDS equals

Dt:/ 5udHu—/<;/ (1—Hy,)du=0Ncpy —k(EATAT).
10,t AT 10,t AT B

B = exp(fot rsds) 27



Credit Default Swap under (H) Hypothesis

Trading Strategies with a CDS
A strategy ¢y = (¢9, ¢1), t € [0,T] is self-financing if the wealth process U(¢),
defined as
Ur(¢) = ¢ + ¢y Se(k),
satisfies
dU(¢) = ¢; dSi(k) + ¢y dDy,

where S(k) is the ex-dividend price of a CDS with the dividend stream D. A
strategy ¢ replicates a contingent claim Y if Up(¢) =Y.

28



Credit Default Swap under (H) Hypothesis

Hedging of a Contingent Claim in the CDS Market

We assume that [F is the trivial filtration. Our aim is to find a replicating
strategy for the defaultable claim (X,0, Z,7), where X is a constant and
Zy = z(t). Let

Y = H{TZT}Z(T) + ]1{T<7-}X

29



Credit Default Swap under (H) Hypothesis

Hedging of a Contingent Claim in the CDS Market

We assume that [F is the trivial filtration. Our aim is to find a replicating
strategy for the defaultable claim (X,0, Z,7), where X is a constant and
Zy = z(t). Let

Y = H{TZT}Z(T) + ]1{T<7-}X

Let 7 and ¢! be defined as
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Credit Default Swap under (H) Hypothesis

Hedging of a Contingent Claim in the CDS Market

We assume that [F is the trivial filtration. Our aim is to find a replicating
strategy for the defaultable claim (X,0, Z,7), where X is a constant and
Zy = z(t). Let

Y = H{TZT}Z(T) + ]1{T<7-}X

Let 7 and ¢! be defined as

z(t) — y(t)
5(t) — Si(r)
Let ¢ = Vi(¢) — &' (t)Si(x), where Vi(¢) = Eq(Y[H:)

Y

¢ (t) =

31



Credit Default Swap under (H) Hypothesis

Hedging of a Contingent Claim in the CDS Market

We assume that [F is the trivial filtration. Our aim is to find a replicating
strategy for the defaultable claim (X,0, Z,7), where X is a constant and
Zy = z(t). Let

Y = H{T27}2(7-> + ]1{T<7-}X

Let 7 and ¢! be defined as

z(t) — y(t)

5(t) — Si(k)

Let ¢ = Vi(¢) — ¢*(t)Ss(k), where V;(¢) = Eq(Y|H;). Then the self-financing
strategy ¢ = (¢, ¢') based on the savings account and the CDS is a replicating

' (t) =

strategy.

32



Credit Default Swap under (H) Hypothesis

Proof: The terminal value of the wealth is

Y = Z(T)II-{T<T} + XI]‘{T<T}

33



Credit Default Swap under (H) Hypothesis

Proof: The terminal value of the wealth is
Y = Z(T)II-{T<T} + XI]‘{T<T}

On the one hand

E(Y|H:) =Y,

2(T)Lr<ty + ﬂ{t<7}$ (XG(T) —/t Z(S)dG(S)>

_ /O 2(s)dH, + (1 — H,) Gtt) (XG(T)— /t z(s)dG(s))
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Credit Default Swap under (H) Hypothesis

Proof: The terminal value of the wealth is
Y = Z(T)II-{T<T} + XI]‘{T<T}

On the one hand

E(Y|Ht) =Y = z(T)]l{TSt} + ]1{7'<t} Gtt) (XG(T) _ /t Z(S)dG(S)>

_ /O 2(s)dH, + (1 — H,) Gtt) (XG(T)— /t z(s)dG(s))

hence dY; = (2(t) — y(t)) dM; with y(t) = %(XG(T) — j;T 2(s)dG(s)).

35



Credit Default Swap under (H) Hypothesis

Proof: The terminal value of the wealth is
Y = Z(T)II-{T<T} + XI]‘{T<T}

On the one hand

B =Y = s0)1pren + Lien g (X6 + [ 946(6))

/0 L(s)dH, + (1 — H)) Gtt) (XG(T)+ /O tz(s)dG(s))

hence dY; = (2(t) — y(t)) dM; with y(t) = %(XG(T) — ftT 2(s)dG(s)).
On the other hand,
dYy = ¢y (dSi(k) — k(1 — Hy)dt + 0(t)dH,) = ¢4 (0(t) — Si—(k)) dM;.

36



Hedging of credit derivatives

Hedging of credit derivatives
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Hedging of credit derivatives

1. Two default free assets, one defaultable asset
1.1 Two default free assets, one total default asset

1.2 Two default free assets, one defaultable with recovery

2. Two defaultable assets

38



Two default-free assets, one defaultable asset

Two default-free assets, one defaultable asset

We present a particular case where there are two default-free assets

e the savings account Y! with constant interest rate r
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Two default-free assets, one defaultable asset

Two default-free assets, one defaultable asset

We present a particular case where there are two default-free assets
e the savings account Y! with constant interest rate r

e An asset with dynamics
dY? = Y2 (posdt + oo 1 dWy)

where the coeflicients uo, 0o are [F-adapted processes
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Two default-free assets, one defaultable asset

Two default-free assets, one defaultable asset

We present a particular case where there are two default-free assets
e the savings account Y! with constant interest rate r

e An asset with dynamics

dY? = Y2 (posdt + oo 1 dWy)

where the coeflicients uo, 0o are [F-adapted processes
e a defaultable asset

dYP =Y (usdt 4 03,:dWy + kg 1dMy)

where the coefficients ug, 03, k3 are G-adapted processes with k3 > —1.

41



Two default-free assets, one defaultable asset

Here, M is the compensated martingale of the default process
¢
Mt = Ht — / (]. — HS))\SCZS
0

W is an F and a G-Brownian motion, where I is the natural filtration of W and
G =HVTF, X is an F adapted process.

42



Two default-free assets, one defaultable asset

Our aim is to hedge defaultable claims. As we shall establish, the case of total
default for the third asset (i.e. k3, = —1) is really different from the others.

43



Two default-free assets, a total default asset

Two default-free assets, a total default asset

We assume that
dY? =Y (u3dt + o3 dW; — dMy).

Y;jg — i;753]1t<7' .

dY' = Yrdt, dY? = Y2(pusdt + 09dW),dY3 = Y3 (usdt + o3dW — dM) 44



Two default-free assets, a total default asset

Arbitrage condition, completeness of the market

Our aim is to determine the emm(s) Q for the model

dy,! = Y/'rdt
dY? = Y7 (uodt + oodWy)
dY? = Y2 (usdt + o3dWy — dM) .

when Y'! is the numéraire. The probability Q such that Y1 =Y*/Y! are

martingales is

dQ‘gt — Ltd]P)|gt )

where

st — Lt— (thWt + Ctht)

dY'' = Yrdt, dY? = Y2(pusdt + 02dW),dY3 = Y3 (usdt + o5dW — dM) 45



Two default-free assets, a total default asset

with

@)

|
=
w
|
=3
_I_
Q
w

as soon as ¢ > —1.

dY'! = Yrdt, dY? = Y2(usdt + o2dW),dY3 = Y3(usdt + o3dW — dM)

46



Two default-free assets, a total default asset

Under Q

t
Wy = Wt—/ 0,ds
0

/
M; = Mt—/(l—Hs))\SCSds
0

are martingales.

Under Q, the process
t
H, — / (1— H)A\ ds
0

is a martingale where

AL =M1+ ¢)

dY' = Yrdt, dY? = Y2(pusdt + 09dW),dY3 = Y3 (usdt + o5dW — dM) 47



Two default-free assets, a total default asset

Here, our aim is to hedge survival claims (X,0,7), i.e. contingent claims of the
form X1, where X € Fr.

dY' = Ylrdt, dY? = Y2(pusdt + 02dW),dY3 = Y3(psdt + o3dW — dM) 48



Two default-free assets, a total default asset

Here, our aim is to hedge survival claims (X,0,7), i.e. contingent claims of the
form X117, where X € Frp.

The price of the contingent claim is

C = G_T(T_t)]EQ(XﬂT<T‘gt)

dY' = Yrdt, dY? = Y2(pusdt + 02dW),dY3 = Y3(usdt + o3dW — dM) 49



Two default-free assets, a total default asset

Here, our aim is to hedge survival claims (X,0,7), i.e. contingent claims of the
form X117, where X € Frp.

The price of the contingent claim is
Cr=e "TVEQ(X1r<-|G)
The hedging strategy consists of a triple of predictable processes ¢!, ¢!, ¢? such that
P;Y? = Cy, YVt < T, let  p?Y2 =0
and which satisfies the self financing condition

dCy = ¢yre™dt + ¢pdYy + ¢pdYy

dY'' = Yrdt, dY? = Y2(pusdt + 02dW),dY3 = Y3(usdt + o3dW — dM) 50



Two default-free assets, a total default asset

Indeed, under Q, for r = 0, one has
dCy = apdW; — Cy_d M
and,
QIAVE + G}AYE = GlonY2AW; — CydM;

hence the existence of ¢?, and ¢! such that ¢;e™ + ¢2Y,* = 0

dY'' = Ylrdt, dY? = Y2(pusdt + 02dW),dY3 = Y3(usdt + o3dW —dM) 51



PDE Approach

PDE Approach

We are working in a model with constant (or Markovian) coefficients

dY; = Yrdt
dY? = Y7 (uodt + oodWy)
dY? = Y2 (usdt + o3dWy — dM) .

le = Yl’l“dt, dY2 = Y2 (,LLth -+ O'QdW), dY3 = YS(,Mgdt —+ OgdW — dM) H2



PDE Approach

PDE Approach

We are working in a model with constant (or Markovian) coefficients

dY; = Yrdt
dY? = Y2(ugdt + oodWy)
dY? = Y2 (usdt + o5dWy — dM,).

Let C(t,Y?,Y?, H;) be the price of the contingent claim G(Y2,Y?, Hr) and A\* be

the risk-neutral intensity of default.

dY' = Ylrdt, dY? = Y2(pusdt + 02dW),dY3 = Y3(psdt + o3dW — dM) 53



PDE Approach

Then,

0:C(t,y2,y3;0) + 1y20:C (T, y2,y3:0) + 1r7y303C(t, y2,y3; 0) — r*C(t, y2, y3; 0)

3
1 k
+5 > 0103y 0Ot 2, y3:0) + A" C(t,y2,0:1) = 0

1,]=2

where r* = r + \*

dY' = Yrdt, dY? = Y2(pusdt + 09dW),dY3 = Y3(usdt + o3dW — dM) 54



PDE Approach

Then,

0:C(t,y2,y3;0) + 1y20:C (T, y2,y3:0) + 1r7y303C(t, y2,y3; 0) — r*C(t, y2, y3; 0)

3
1 k
+5 > 0103y 0Ot 2, y3:0) + A" C(t,y2,0:1) = 0

1,]=2

where r* = r + \* and

1
OC(ty2; 1) + ry202C0(t Y23 1) + 50545055 C (1, 423 1) = rC(t, 23 1) = 0

dY'' = Yrdt, dY? = Y2(pusdt + 02dW),dY3 = Y3 (usdt + o5dW — dM) 55



PDE Approach

Then,

0:C(t,y2,y3;0) + 1y20:C (T, y2,y3:0) + 1r7y303C(t, y2,y3; 0) — r*C(t, y2, y3; 0)

3
1
T3 Y 0i05yiy;0;;C(t,y2,3;0) + A C(t, 2,05 1) = 0

1,]=2

where r* = r + \* and
1
OC(ty2; 1) + ry202C0(t Y23 1) + 50545055 C (1, 423 1) = rC(t, 23 1) = 0
with the terminal conditions

C(T,y2,y3;0) = G(y2,y3;0), C(T,y2;1) = G(y2,0;1).

dY' = Ylrdt, dY? = Y2(pusdt + 02dW),dY3 = Y3(usdt + o3dW — dM) 56



PDE Approach

The replicating strategy ¢ for'Y s given by formulae

¢;Yy = —AC(t)=-C(t,Y7? 0;1) 4+ C(t, Y72, Y ;0)
3

0207Y) = —AC(t)+ ) Y] 0:0,C(t)
1=2

oY, = Ct) = ¢}y — Y.

dY'! = Yl’l“dt, dY? =Y? (,ngdt + O'QdW), dY3 = YB(,ngdt + o3dW — dM) 57



PDE Approach

The replicating strategy ¢ for'Y s given by formulae

G Y = —AC(t)=—-C(t,Y7,0;1) +C(t, Y72 Y2;0)
3

0207Y) = —AC(t)+ ) Y] 0:0,C(t)
1=2

Y, = Ct)— Y7 — Y.

Note that, in the case of survival claim, C(¢,Y;?,0;1) = 0 and
JY? =C(t,Y2,Y;;0) for every t € [0,T].

le p— Yl’l“dt, dY2 = Y2 (,ngdt —|— O'QdW), dY3 = YS(,Mgdt —|— OgdW — dM)
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PDE Approach

The replicating strategy ¢ for'Y s given by formulae

G Y = —AC(t)=—-C(t,Y7,0;1) +C(t, Y72 Y2;0)
3

0207Y) = —AC(t)+ ) Y] 0:0,C(t)
1=2

Y, = Ct)— Y7 — Y.

Note that, in the case of survival claim, C(¢,Y;?,0;1) = 0 and
Y2 =C(t,Y2,Y;;0) for every t € [0,T]. Hence, the following relationships
holds, for every t < T,

oY =C(t, Y2 Y720), oV + 677 =0.

dY' = Yl’l“dt, dY? =Y? (,ngdt + O'QdW), dY3 = YS(,Mgdt + o3dW — dM) 59



PDE Approach

The replicating strategy ¢ for'Y s given by formulae

¢ Yy = —AC(t)=-C(t, Y7 0;1) + C(t, Y72, Y ;0)
3

0207Y) = —AC(t)+ ) Y] 0:0,C(t)
1=2

oY, = Ct) = ¢}y — Y.

Note that, in the case of survival claim, C(¢,Y;?,0;1) = 0 and
Y2 =C(t,Y2,Y;;0) for every t € [0,T]. Hence, the following relationships
holds, for every t < T,

oY =C(t, Y2 Y720), oV + 677 =0.

The last equality is a special case of the balance condition. It ensures that the

wealth of a replicating portfolio falls to 0 at default time.

dY' = Yl’l“dt, dY? =Y? (,LLth + O'QdW), dY3 = YS(,Mgdt + o3dW — dM) 60



PDE Approach

Example 1

Consider a survival claim Y = Ity g(Y}). Its pre-default pricing function
C'(t,y2,y3;0) = CI(t,y2) where CY solves

0 CY(t,y;0) + ryda C9 (¢, y; 0) + %Ug?fazz(fg(t,y; 0) —r*C9(t,y;0) = 0
CI(T,y;0) = gy
The solution is
C9(t,y) = " =1E=T) ra2(4 ) = N =T) 0102 (p ).

where C' ™92 is the price of an option with payoff ¢g(Y7) in a BS model with interest

rate r and volatility o».

dY'' = Yrdt, dY? = Y2(pusdt + 02dW),dY3 = Y3(usdt + o3dW —dM) 61



PDE Approach

Example 2
Consider a survival claim of the form
Y = G(Y7,YE, Hr) = Liperyg(Y7).

Then the post-default pricing function CY9(-;1) vanishes identically, and the
pre-default pricing function C9(-;0) is

CY(t,ya,y3;0) = O 93(t,y3)

where C*93(t,y) is the price of the contingent claim g(Y7) in the Black-Scholes

framework with the interest rate o and the volatility parameter equal to os.

dY'' = Yrdt, dY? = Y2(pusdt + 02dW),dY3 = Y3 (usdt + o5dW — dM) 62



Two default-free assets, one defaultable asset with Recovery, PDE approach

Two default-free assets, one defaultable asset with Recovery,
PDE approach

Let the price processes Y, Y2 Y3 satisfy

dy,! = rY'dt
dY? = Y7 (uodt + oodWy)
dY;? = Y7 (usdt + o3dW; + ks3dM,)

with oo # 0 and where the coefficients are constant. Assume that the relationship

oo(r — pug) = o3(r — p2) holds and k3 # 0, kg > —1.

le = TYldt, dY2 = Y2(,LL2dt -+ O'QdW), dY3 = YS(,ngdt + UgdW + ling) 63



Two default-free assets, one defaultable asset with Recovery, PDE approach

Two default-free assets, one defaultable asset with Recovery,
PDE approach

Let the price processes Y, Y2 Y3 satisfy

dy,! = rY'dt
dY? = Y7 (uodt + oodWy)
dY;? = Y7 (usdt + o3dW; + ks3dM,)

with oo # 0 and where the coefficients are constant. Assume that the relationship
oo(r — p3) = os(r — p2) holds and k3 # 0,k3 > —1. Then the price of a contingent
claim'Y = G(Y2,Y2, Hy) can be represented as m(Y) = C(t, Y2, Y?; Hy), where the
pricing functions C(-;0) and C(-;1) satisfy the following PDEs

le = TYldt, dY2 = Y2(,LL2dt + O'QdW), dY3 = YS(,ngdt -+ UgdW -+ ling) 04



Two default-free assets, one defaultable asset with Recovery, PDE approach

0:C(t,y2,y3; 1) +1y20:C (T, y2,y3; 1) + 1y303C (¢, y2,y3; 1) — rC(t, y2,y3; 1)

3
1
+ 5 E Zgiajyiyjﬁijc(tay%y?); 1)=0
1,)]=

dY'! = ’I“Yldt, dY? =Y? (,ugdt + O'QCZW), dY3 = YS(,ngdt + o3dW + Iing) 65



Two default-free assets, one defaultable asset with Recovery, PDE approach

0:C(t,y2,y3;1) +1y202C (L, y2,y3; 1) + ry303C (¢, y2,y3; 1) — rC(t, Y2, y3; 1)
3
1
+3 .ZQ 0;0;YiY;0i;C(t,y2,y3;1) = 0
'L,]:

and

0:C(t,y2,vy3;0) + ry202C (L, y2,y3;0) + y3 (r — k3A) 3C(t, y2, y3; 0)

3
1

— rC(t,yg,y3;0)+§ g Uinyi?/j@ijC(tay%ys;O)
i,j=2

+A(C(t,y2,y3(1 + K3);1) — C(t,y2,y3;0)) =0

dY' = TYldt, dY? =Y? (,ngdt + O'QdW), dY3 = YS(,ngdt + o3dW + Hng) 66



Two default-free assets, one defaultable asset with Recovery, PDE approach

0:C(t,y2,y3;1) +1y202C (L, y2,y3; 1) + ry303C (¢, y2,y3; 1) — rC(t, Y2, y3; 1)

3
1
+ 5 g QO'iO-jyiyjﬁijC(tyy%yS; 1)=0
1,)]=

and

0:C(t,y2,vy3;0) + ry202C (L, y2,y3;0) + y3 (r — k3A) 3C(t, y2, y3; 0)

3
1

— rC(t,yg,y3;0)+§ g UinyiyjﬁijC(tay2ay3;0)
i,j=2

+A(C(t,y2,y3(1 + K3);1) — C(t,y2,y3;0)) =0

subject to the terminal conditions

C(T7 Y2,Y3; O) — G(y27 Y3, 0)7 C(T7 Y2,Ys3; 1) — G(y27y37 1)

le = TYldt, dY2 = Y2 (,LLth -+ O'QdW), dY3 = Y3 (,ngdt + UgdW + Rng) 67



Two default-free assets, one defaultable asset with Recovery, PDE approach

The replicating strateqy equals ¢ = (qbl, ¢2, gbg)

3
1
2 L 9. 2 3
th — 0'21433}/752 (%3;%%3@(1(@5@ 7Y;—7Ht—>
— 03 (C(tviffvlftg—(l T ’{3)3 1) o C(t’YVtQ’Y't?’_; O))) )
1
o) = — (CY2Y (L4 k)i 1) — C(L Y, Y250))

and where ¢} is given by ¢; Yt + ¢2Y? + ¢}V = Cy.

dY'! = ’I“Yldt, dY? =Y? (,ugdt + O'QCZW), dY3 = YS(,ngdt + o3dW + Rng) 68



Two default-free assets, one defaultable asset with Recovery, PDE approach

Example Consider a survival claim of the form
Y = G(Y7,YE, Hr) = Liperyg(Y7).

Then the post-default pricing function C9(-;1) vanishes identically, and the
pre-default pricing function CY9(-;0) solves

&gC’g(-;O) + rygc‘?gCg(-;O)+y3(r—/<;3>\)8309(-;0)

3
1
T3 > 0i059iy;0i,C%(-50) = (r+ A)C9(-50) = 0

i,j=2
Cg(T7 Y2,Ys; O) — g(y3)
Denote o = r — k3 and B = A\(1 + k3).

Then, C9(t,ys,y3;0) = > T=DC¥93(t, y3) where C*93(t,y) is the price of the
contingent claim ¢(Yr) in the Black-Scholes framework with the interest rate o and
the volatility parameter equal to og.

Let C; be the current value of the contingent claim Y, so that

Ct — ﬂ{t<T}e/8(T_t)Ca’g’3(t,y3).

dY' = TYldt, dY? = Y2(,LL2dt -+ O'QdW), dY3 = YS(,ngdt + o3dW + ling) 69



Two default-free assets, one defaultable asset with Recovery, PDE approach

The hedging strategy of the survival claim is, on the event {t < 7},

L 57—t e 1
G Y, = _&_36 A= C93(t, Y7 :—%—30157
VP = (Ve T0,000%n YR — o).

dY' = TYldt, dY? = Y2(,LL2dt -+ O'QdW), dY3 = YS(,ngdt + o3dW + ling) 70



Two default-free assets, one defaultable asset with Recovery, PDE approach

Hedging of a Recovery Payoff
The price CY of the payoff G(YZ, Y}, Hr) = Lyr>,19(Y7) solves

1
0:CI(-;1) + ry0,CY(-; )+202y28yy09( 1)—rC9%;1) = 0

CiT,y;1) = g(y)

hence CY(t,y2,y3, 1) = C™92(t,ys) is the price of g(Y#) in the model Y!, Y?. Prior

to default, the price of the claim solves

0CI(;0) + Tyz(?ng( 0) +y3 (r — kaA) 03C9(-;0)

1
T3 Z 004y 0ijC7(-50) = (r + A)C9(-50) = =ACY(t, y2; 1)
i,j=2
OQ(T, y2ay350) = 0

Hence ¢ (tv Y2,Y3; O) — (1 o eA(t_T))CT7g’2(t7 yQ)

le p— TYldt, dY2 — Y2(,LL2dt —|— O'QdW), dY3 = YS(,ngdt —|— UgdW —|— ling) 71



Two defaultable assets with total default

Two defaultable assets with total default

Assume that Y! and Y? are defaultable tradeable assets with zero recovery and a

common default time 7.
dY} =Y} (udt + o;dWy — dM;),i = 1,2
Then
thl — ]1{7‘>t}}/tla }/152 — 11{7'>t}Y;52

with
dY;7 = Y (s + A)dt + o;dWy),i = 1,2

d}/tz — Yti_ (/szt + o;dW; — th),’L =1,2 72



Two defaultable assets with total default

The wealth process V associated with the self-financing trading strategy (¢!, ¢?)
satisfies for ¢ € [0, T

t

v (1 [t
0

where V2! = Y2/Y,L.

Obviously, this market is incomplete, however, some contingent claims are

hedgeable, as we present now.

d}/tz = Yti_ (/szt + o;dW; — th),’L =1,2 73



Two defaultable assets with total default

Hedging Survival claim: martingale approach

A strategy (¢', ¢?) replicates a survival claim C' = X1, -7 whenever we have
~ ~ T ~
%, (V01 +/ &2 de’l) — X
0
for some constant ‘N/Ol and some F-predictable process ¢2.

It follows that if o1 # 02, any survival claim C' = X1 .. 7y is attainable.

Let @ be a probability measure such that 17752’1 is an [F-martingale under @ Then
the pre-default value U (C') at time ¢ of (X, 0, 7) equals

U/(C) =Y} Eg (X(VH) ' 7).

d}/tz — Yti_ (/szt + o;dW; — th),’L =1,2 74



Two defaultable assets with total default

Example: Call option on a defaultable asset We assume that Y,! = D(¢,T)
represents a defaultable ZC-bond with zero recovery, and Y,* = ﬂ{t<7}ﬁ2 is a
generic defaultable asset with total default. The payoft of a call option written on
the defaultable asset Y? equals

Cr = (V2 = K)* = jpeyy (V2 - K)*

The replication of the option reduces to finding a constant x and an [F-predictable

process ¢° that satisfy

~

T
T —I—/ p2dy = (VE-K)*.
0

Assume that the volatility o1 4 — o9 4 of V2! is deterministic. Let
Fy(t,T) = Y2(D(t,T))~*

d}/tz = Yti_ (/szt + o;dW; — th),’L =1,2 75



Two defaultable assets with total default

The credit-risk-adjusted forward price of the option written on Y? equals
Cy = YN (dy (Fo(t,T),t,T)) — KD(t, T)N (d_(Fy(t,T),t,T)),

where N
Inf—InK =+ 10(¢,T)
v(t, T)

ds(f,t,T) =
and

T
V2(4,T) = / (010 — 9.0)2 du.
t

Moreover the replicating strategy ¢ in the spot market satisfies for every t € [0, T,
on the set {t < 7},

or = —KN(d_(Fo(t,T),t,T)), ¢? =N (dy(Fa(t,T),t,T)).

dYi =Y, (idt + o;dWy — dMy),i = 1,2 76



Two defaultable assets with total default

Hedging Survival claim: PDE approach

Assume that o1 # 05. Then the pre-default pricing function v satisfies the PDE

0:C + 1y (M1+)\_01M2—M1)810+y2 (/LQ—I-)\—O'Q'LQ_'LH)(?QC

02 — 01 02 — 01

1 P
+ §(y%0%811C + 93038220 + 2y1y20102812(1> — (Ml T\ — oy /;2 /;1) o
2 — U1

with the terminal condition C(T', y1,y2) = G(y1, y2).

d}/tz = Yti_ (/szt + o;dW; — th),’L =1,2 77



Two defaultable assets with total default

Hedging defaultable claims with CDSs

Our aim is to hedge
Y =lyr>nZr + Lipen X,

using two CDS with maturities 7T}, rates x; and protection payment §*. We assume
r = 0. Let ¢! defined as

T T
mi = Eg (/0 5ffLGu)\u du — RiL G, du | }"t) : dmi — Qith

and
me = ]E@(—/ Z,dGy + GrX|Fy), dmf = ¢F dW,
0
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Two defaultable assets with total default

Assume that there exist F-predictable processes ¢!, ¢* such that

2

2
Zcbi(cﬁ" - gf(ﬁ?z)) = Zt — Yt, Z¢i€f = Gt
i=1

1=1

where y is given by

1 T
Gt t

Let ¢Y = V;(¢) — 25:1 1S!(k;), where the process V(¢) is given by

2
dVi(¢) =) ¢i(dSi(k;) + dDj)
i=1
with the initial condition V{(¢) = Eq(Y'). Then the self-financing trading strategy

¢ = (¢°, ¢, $?) is admissible and is a replicating strategy for a defaultable claim
(X,0,7,71).
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Valuation of Credit Default Swaptions

Valuation of Credit Default Swaptions
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Valuation of Credit Default Swaptions

A forward CDS issued at time s, with starting date U, maturity 7', and recovery 9
at default is a defaultable claim (0, A, Z, 7) where

dAy = —clyy () dt,  Zy = oy 7(2).
e The CDS rate k is F,-measurable.

e The F-adapted process § : [U,T| — R represents the default protection.

The value of the forward CDS equals, for every t € [s, U],

S,(k) = B; EQ(H{U<T§T}BT_157 gt) _ kB, E@(/ B! du | gt).
[tAU, 7 AT
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Valuation of Credit Default Swaptions

Valuation of a Forward CDS

The value of a credit default swap started at s, equals, for every t € [s, U],

St(/ﬁ',) = ]]-{t<7'}5 EQ —/ B; 5u dGu - KJ/
/ U U, T

B1G, du | ]—"t> |
Note that S;(k) = Il{t<7}§t(/<c) where the F-adapted process g(ﬁ:) is the pre-default

value. Moreover

Si(k) = P(t,U,T) — k A(t,U,T)

where

~

e P(t,U,T) is the pre-default value of the protection leg,

~

e A(t,U,T) is the pre-default value of the fee leg per one unit of .
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Valuation of Credit Default Swaptions

Credit Default Swaption

A credit default swaption is a call option with expiry date R < U and zero strike
written on the value of the forward CDS issued at time 0 < s < R,

with start date U, maturity 1', and an Fs-measurable rate x.
The swaption’s payoff Cr at expiry equals Cr = (Sgr(k))™.

For a forward CDS with an Fs-measurable rate x we have, for every t € [s, U],

Si(k) = Lgyery A(t, U, T) (5(t, U, T) — ).

83



Valuation of Credit Default Swaptions

It is clear that
CR — H{R<T}"Z(R7 Ua T)(K’(Ra U7 T) N KJ)—'—'

A credit default swaption is formally equivalent to a call option on the forward
CDS rate with strike x. This option is knocked out if default occurs prior to R.
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Valuation of Credit Default Swaptions

The price at time t € [s, R] of a credit default swaption equals

B Gr ~
Cy = ]l{t<7'}6i EQ (B—Z A(R7 U, T)(K:(Ra U, T) o ’%)—'_ |ft> .

Define an equivalent probability measure @ on (€2, Fr) by setting

aQ Mp
dQ Mg’

Q-a.s.

where the (Q, F)-martingale M is given by

MA = EQ(/]UT] B1G, du ‘ Fi).

The price of the credit default swaption equals, for every t € [s, R],

Cy = L Alt, U, T) Eg (K(R,U,T) = 6)* | Fy) = Lyery Cr.

P

The forward CDS rate (x(¢t,U,T), t < R) is a (Q, F)-martingale.
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Valuation of Credit Default Swaptions

Brownian Case

e Let the filtration I be generated by a Brownian motion W under Q*.

o Since MPt = ~Eq( [ B, '8, dG,
(Q, F)-martingales, we have that

Ft) and M are strictly positive

dMP = MFPol dw,, dM? = M2 a dW;,
for some F-adapted processes of and 4.

The forward CDS rate (x(t,U,T), t € [0, R]) is (Q, F)-martingale and
dk(t,U,T) = k(t, U, T)o? dW,

where 0% = o — ¢4 and the (@, [F)-Brownian motion W equals

t
Wt:Wt—/ afdu, \V/tE[O,R]
0

86



Valuation of Credit Default Swaptions

Assume that the volatility ¢ = of — 04 of the forward CDS spread is
deterministic. Then the pre-default value of the credit default swaption

with strike level x and expiry date R equals, for every t € [0, U],
Co = Ay (ke N(dy (50, U = 1) = 5 N (d_ (i, U 1)) )

where k; = r(t,U,T) and A, = A(t,U,T). Equivalently,
Ct N(d+(lﬂ)t,t R)) — /izz{t N(d_(lit,t, R))

where P, = P(t,U,T) and

R
2 t

\/ft (0% (u))? du

log(k:/kK) du

d:l: (Rta tv R)
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